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(A) , Desnanot-Jacobi (Dodgson
) . $A$ , $i_{1},$ $\cdots$ , $\mathrm{i}_{r}$ , $j_{1},$ $\cdots$ , $j_{r}$
, $A$ $\mathrm{i}_{1}$ , $\cdots$ , $\mathrm{i}_{r}$ , $j_{1}$ , $\cdots$ , $j_{r}$
$A_{j_{1,\}}j_{\Gamma}}^{i_{1\prime..\prime}i_{f}}...\cdot$ . ,
$\det A_{1}^{1}\cdot\det \mathrm{A}_{2}^{2}-\det A_{2}^{1}\cdot\det A_{1}^{2}=\det A\cdot\det A_{1,2}^{1,2}$ . (1)
$\mathrm{D}\mathrm{e}\mathrm{s}\mathrm{n}\mathrm{a}\mathrm{n}\mathrm{o}\mathrm{t}-\mathrm{J}\mathrm{a}\dot{\mathrm{c}}\mathrm{o}\mathrm{b}\mathrm{i}$ , 1 .
, (B) , Vandermonde
$\det(x_{i}^{j-1})_{1\leq i,j\leq n}=\prod_{1\leq i<j\leq n}(x_{j}-x_{i})$
. , , Cauchy [C]
$\det(\frac{1}{x_{i}+y_{j}})_{1\leq i_{\mathrm{J}}j\leq n}=\frac{\prod_{1\leq i<j\leq n}(x_{j}-x_{i})(y_{j}-y_{i})}{\prod_{i,j=1}^{n}(x_{i}+y_{j})}$ (2)
Schur Pfaffian[S]
$\mathrm{P}\mathrm{f}(\frac{x_{j}-x_{i}}{x_{j}+x_{i}})_{1\leq i,j\leq 2n}=\prod_{1\leq i<j\leq 2n}\frac{x_{j}-x_{i}}{x_{j}+x_{i}}$ (3)
.
, Cauchy , Schur Pfaffian (Cauchy ,
Pfaffian) . Cauchy , Schur Pfaffian




, . $n$ $\vec{x}=(x_{1}, \cdots, x_{n})$ ,
$\vec{a}=(a_{1}, \cdots, a_{n})$ ,
$V^{p,q}(\vec{x};\vec{a})=.(\begin{array}{lllllll}1 x_{1} x_{1}^{2} x_{\mathrm{l}}^{p-1} a_{1} a_{1}x_{1} a_{1}x_{1}^{q-1}\vdots \vdots \vdots \vdots \vdots \vdots \vdots 1 x_{n} x_{n}^{2} x_{n}^{p-1} a_{n} a_{n}x_{n} a_{n}x_{n}^{q-\mathrm{l}}\end{array})$ $(p+q=n)$ ,
$W^{n}(\vec{x};\vec{a})=(\begin{array}{lll}1+a_{1}x_{1}^{n-1} x_{1}+a_{1}x_{1}^{n-2} x_{1}^{n-\mathrm{l}}+a_{1}\vdots \vdots \vdots 1+a_{n}x_{n}^{n-1} x_{n}+a_{n}x_{1}^{n-2} x_{n}^{n-\mathrm{l}}+a_{n}\end{array})$
, $q=0$ , $V^{n,0}(\vec{x};\vec{a})=(x_{i}^{j-1})_{1\leq i,j\leq n}$ Vandermonde
, $\det V^{n,0}(\vec{x}\mathrm{i}\vec{a})=\prod_{1\leq i<j\leq n}(xj-xi)$ . , 4 , Pfaffian
,
LL ( - - $-\mathrm{Z}\mathrm{e}\mathrm{n}\mathrm{g}$ [IOTZ])
(a) $n$ , $p,$ $q$ . 6
$o\vec{e}=(x_{1}, \cdots, x_{n})$ , $\vec{y}=(y_{1}, \cdots, y_{n})$ , $\vec{z}=(z_{1)}\cdots, z_{p+q})$ ,
$\vec{a}=(a_{1}, \cdots, a_{n})$ , $\vec{b}=(b_{1}, \cdots, b_{n})$ , $\vec{c}=(c_{1}, \cdots, c_{\mathrm{p}+q})$
,
$\det(\frac{\det V^{p+1_{1}q+1}(x_{i},y_{j},\vec{z}\cdot a_{i},b_{j},\vec{c})}{y_{j}-x_{i}},)_{1\leq i,j\leq n}$
$= \frac{(-1)^{n(n-1)/2}}{\prod_{i,j=1}^{n}(y_{j}-x_{i})}\det V^{p,q}(\vec{z};\vec{c})^{n-1}\det V^{n+p,n+q}(\vec{x}, \vec{y}, \vec{z};\vec{a}, \vec{b}, \vec{c})$. (4)
(b) $n$ $p$ . 6
$\vec{x}=(x_{1}, \cdots, x_{n})$ , $\vec{y}=(y_{1}, \cdots, y_{n})$ , $\vec{z}=(z_{1}, \cdots, z_{p})$ ,
$\vec{a}=(a_{1}, \cdots, a_{n})$ , $\vec{b}=(b_{1}, \cdots, b_{n})$ , $\vec{c}=(c_{1}, \cdots, c_{p})$
,
$\det(\frac{\det W^{p+2}(x_{i},y_{j},7,a_{i},b_{j},\vec{c})}{(y_{j}-x_{i})(1-x_{i}y_{j})}.)_{1\leq i,j\leq n}$
$= \frac{(-1)^{n}}{\prod_{i,j=1}^{n}(y_{j}-x_{i})(1-x_{i}y_{j})}$
$\mathrm{x}\det W^{p}(\vec{Z}j\vec{\mathrm{C}})^{n-1}\det W^{2n+p}(\vec{x}, \vec{y}, \vec{z};\vec{a}, \vec{b}, \vec{c})$ . (5)
(c) $n$ , $p,$ $q,$ $r,$ $s$ . 7
$\vec{x}=(x_{1}, \cdots, x_{2n})$ , $\vec{a}=(a_{1}, \cdots, a_{2n})$ , $\vec{b}=(b_{1}, \cdots\}b_{2n})$ ,
$\vec{z}=(z_{1}, \cdots, z_{p+q})$ , $\vec{c}=(c_{1}, \cdots, c_{p+q})$ ,
$\vec{w}=(w_{1}, \cdots, w_{r+s})$ , $\vec{d}=(d_{1}, \cdots, d_{r+s})$
1B7
,
$\mathrm{P}\mathrm{f}(\frac{\det V^{p+1,q+1}(x_{i},x_{j},\vec{z},a_{i},a_{j},\vec{c})\det V^{r+1,s+1}(x_{i},x_{j},\vec{w}b_{i},b_{j},\vec{d})}{x_{j}-x_{i}}.)_{1\leq i,j\leq 2n}$
$= \frac{1}{\prod_{1\leq i<j\leq 2n}(x_{j}-x_{i})}\det V^{p,q}(\vec{z};\vec{c})^{n-1}\det V^{r,s}(\vec{w};\vec{d})^{n-1}$
$\mathrm{x}\det V^{n+p,n+q}(\vec{x}, \vec{z}\cdot\vec{a}, \vec{c}))\det V^{n+r,n+s}(\vec{x}\vec{w};)\vec{b},$ $\vec{d})$ . (6)
(d) $n$ $q$ . 7
$\vec{x}=(x_{1}, \cdots, x_{2n})$ , $\vec{a}=(a_{\mathrm{I}}, \cdots, a_{2n})$ , $\vec{b}=(b_{1}, \cdots, b_{2n})$ ,
$\vec{z}=(z_{1}, , . . , z_{p})$ , $\vec{c}=(c_{1}, \cdots, c_{p})$ ,
$\vec{w}=(w_{1}, \cdots,w_{q})$ , $\vec{d}=(d_{1}, \cdots, d_{q})$
,
$\mathrm{P}\mathrm{f}(’\frac{\det W^{p+2}(x_{i},x_{j},\vec{z}\cdot a_{i},a_{j},\vec{c})\det W^{q+2}(x_{i},x_{j)}\vec{w}_{}b_{i},b_{j},\vec{d})}{(x_{j}-x_{i})(1-x_{i}x_{j})})1\leq i,j\leq 2n$
$= \frac{1}{\prod_{1\leq i<j\leq 2n}(x_{j}-x_{i})(1-x_{\dot{i}}x_{j})}\det W^{p}(\vec{z}\cdot, \vec{c})^{n-1}\det W^{q}(\vec{w};\vec{d})^{n-1}$
$\mathrm{x}\det W^{2n+p}(\vec{x}, \vec{z};\vec{a}, \vec{c})\det W^{2n+q}(\vec{x}, \vec{w};\vec{b}, \vec{d})$ . (7)
, [O3] , , , Jiang Zeng
.
, \S 2 , \S 3
.
2
, 1.1 . ( , [IOTZ]
$\mathrm{t},$ $\mathrm{a}.)$ 11 4 , , 2
,
1 Desnanot-Jacobi (1) Pfaffian , (5) .
2 , (5) (4), (6), (7) .
21 1 :(5)
(5) $n$ . , Desnanot-Jacobi
(1) Pfaffian .
21. ([Kn, $\mathrm{I}\mathrm{W}2]$ ) $A$ ,
$\mathrm{P}\mathrm{f}A_{1,2}^{1,2}\cdot \mathrm{P}\mathrm{f}A_{3,4}^{3,4}-\mathrm{P}\mathrm{f}A_{1,3}^{1,3}\cdot \mathrm{P}\mathrm{P}\mathrm{f}$
$A_{2,4}^{2,4}+\mathrm{P}\mathrm{f}A_{1,4}^{1,4}\cdot \mathrm{P}\mathrm{f}A_{2,3}^{2,3}=\mathrm{P}\mathrm{f}A\cdot \mathrm{P}\mathrm{f}A_{1,2,3,4}^{1,2,3,4}$ . (8)
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Ll (4) . , $n=1$ , . , $n=2$
, $\det V^{p,q}$ $\det V^{p-1,q},$ $\det V^{q_{1}p}$ , $p+q+r+s$
.
22 (1) $p\geq q$ $p\geq 1$ ,
$p+q-1$
$\det V^{p,q}(\vec{x};\vec{a})=$ $(x_{p+q}-x_{i})\cdot\det V^{p-1_{1}q}(x_{1}, \cdots, x_{pq-1;}+a_{1}’, \cdots , a_{p+q-1}’)$ .
$i=1$
,
$a_{i}’= \frac{a_{i}-a_{p+q}}{x_{i}-x_{p+q}}$ $(1\leq \mathrm{i}\leq p+q-1)$
.
(2) $p,$ $q$ ,
$\det V^{p,q}(\vec{x};\vec{a})$ $=(-1)^{pq} \prod_{i=1}^{p+q}a_{i}\cdot\det V^{q,p}(\vec{x}; \vec{a}^{-1})$ .
, $\vec{a}-1=(a_{1}^{-1}, \cdots, a_{p+q}^{-1})$ .
$n\geq 3$ .
$A=( \frac{\det V^{p+1,q+1}(x_{i},x_{j},\vec{z}a_{i\prime}a_{j},\vec{c})\det V^{r+1,s+1}(x_{i},x_{j},\vec{w}\cdot b_{i},b_{j},\vec{d})}{x_{j}-x_{i}},)1\leq i,j\leq 2n$
, Pfaffian Desnanot-Jacobi (1) . ,
, $n=2$ (5) , $\vec{z},$ $\vec{c},$ $\vec{w},$ $\vec{d}$
$(\vec{x}^{(1,2,3_{7}4)}, \vec{z})$ , $(\vec{a}^{(1,2,3,4)}, \vec{c})$ , $(\vec{x}^{(1,2,3,4)}, \vec{w})$ , $(\vec{b}(1,2,3,4), \vec{d})$ ,
( , $\vec{x}^{(1,2,3,4)}$ $\vec{x}$ $x_{1)}x_{2)}x_{3},$ $x_{4}$ )
. $n=2$ , (5)
,
22 2 : (4), (6), (7)
1 (5) (4), (6), (7) , Vandermonde
$V^{p,q}$ . $n$ $\vec{x}$ , $\vec{y},$ $\vec{a},$ $\vec{b}$ ,
$U^{p,q}(_{\vec{y}}^{\vec{X}}|\vec{a\vec{b}})=(\begin{array}{llllll}a_{1}x_{1}^{p-1} a_{1}x_{1}^{p-2}y_{1} a_{1}y_{1}^{p-1} b_{1}x_{1}^{q-1} b_{1}x_{1}^{q-2}y_{1} b_{1}y_{1}^{q-1}\vdots \vdots \vdots \vdots \vdots \vdots a_{n}x_{n}^{p-1} a_{n}x_{n}^{p-2}y_{n} a_{n}y_{n}^{p-1} b_{n}x_{n}^{q-1} b_{n}x_{n}^{q-2}y_{n} b_{n}y_{n}^{q-1}\end{array})$
. , $\det U^{p,q}$ $\det V^{p,q},$ $\det W^{n}$ , .
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2.3.
$U^{p,q}(_{\vec{y}}^{\vec{X}}| \vec{\vec{b}a})=\prod_{k=1}^{p+q}a_{k}x_{k}^{p-1}\cdot V^{p,q}(\vec{x}^{-1}\vec{y};\vec{a}^{-1}\vec{b}\vec{x}^{q-p})$ , (9)
$V^{p,q}(\vec{x};\vec{a})=U^{p,q}(_{\vec{X}}^{\vec{1}}|\vec{1\vec{a}})$ , (10)
$\det U^{n,n}(_{\vec{1}+\vec{x}^{2}}\vec{x}|\vec{1}+\vec{a}\vec{x})\vec{x}+\vec{a}=(-1)^{n(n-1)/2}\det W^{2n}(\vec{x};\vec{a})$ , (11)
$\det U^{n,n+1}(\vec{1}\vec{+X}\vec{x}^{2}|\vec{1}+\vec{a}\vec{x}^{2})\vec{1}+\vec{a}=(-1)^{n(n-1)/2}\det W^{2n+1}(\vec{x};\vec{a})$ . (12)
, 1 $=(1, \cdots, 1)$ , $\vec{x}=(x_{1}, \cdots, x_{n}),$ $\vec{y}=(y_{1}, \cdots, y_{n})$ $\text{ }\backslash \mathrm{g}^{J}$
$k,$ $l$ ,
$\vec{x}+\vec{y}=(x_{1}+y_{1}, \ldots, x_{n}+y_{n})$ , $\vec{x}\vec{y}=(x_{1}y_{1}, \ldots, x_{n}y_{n})$ ,
$\vec{X}k=(x_{1}^{k}, \ldots, x_{n}^{k})$ , $\vec{x}\vec{y}kl=\langle x_{1}^{k}y_{1}^{l},$ . . , $x_{n}^{k}y_{n}^{l}$)
.
, (9) , (5) .
24. $n$ , $p,$ $q,$ $r,$ $s$ ,
$\mathrm{P}\mathrm{f}(\begin{array}{l}\mathrm{d}\mathrm{e}\mathrm{t}U^{p+1,q+1}(_{y_{i},y_{j},\vec{\eta}}^{x_{i},x_{j},\vec{\xi}}|_{b_{i},b_{i},\vec{\beta}}a_{i},a_{j},\vec{\alpha})\mathrm{d}\mathrm{e}\mathrm{t}U^{r+\mathrm{l},s+1}(_{y_{i},y_{j},\vec{\omega}}^{x_{i},x_{j},\vec{\zeta}}|_{d_{i},d_{j},\vec{\delta}}c_{i},c_{j},\vec{\gamma})\mathrm{d}\mathrm{e}\mathrm{t}()\end{array})$
$= \frac{1}{\prod_{1\leq i<j\leq 2n}\det(\begin{array}{ll}x_{i} x_{j}y_{i} y_{j}\end{array})}\det U^{\mathrm{p},q}(_{\vec{\eta}}^{\vec{\xi}}|\vec{\alpha\vec{\beta}})^{n-1}\det U^{r,s}(_{\vec{\omega}}^{\vec{\zeta}}|\vec{\gamma\vec{\delta}})^{n-1}$
$\rangle\zeta\det U^{n+p,n+q}(_{\vec{y},\vec{\eta}}^{\vec{x}\vec{\xi}}7|\vec{a},\vec{\alpha}\vec{b},\vec{\beta})\det U^{n+r,n+s}(_{\vec{y},\vec{\omega}}^{\vec{x},\vec{\zeta}}|\vec{c\vec{d}},’\vec{\delta})\vec{\gamma}$ ,
, $r=s=0$ ,
$c_{1}=\cdots=c_{n}=1$ , $\mathrm{c}_{n+1}=\cdots=c_{2n}=0$ ,
$d_{1}=\cdots=d_{n}=0$ , $d_{n+1}=\cdots=d_{2n}=1$ .
. ,
$\det U^{1,1}(_{y_{\mathrm{i}},y_{j}}^{x_{i},x_{j}}|d_{i},d_{j}c_{i},c_{j)}=\{$
$0$ ( $1\leq i,$ $j\leq n$ $n+1\leq i,j\leq 2n$ )
$1$ ( $1\leq i\leq n$ $n+1\leq j\leq 2n$ )
-1 ($n+1\leq i\leq 2n$ $1\leq j\leq n$ )
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, $n$ $X$ ,
Pf $(\begin{array}{ll}o X-^{t}X o\end{array})=(-1)^{n\langle n-1)/2}$ delX
, (4) . ,
25. $n$ $p,$ $q$ , . $n$ $\vec{x},$ $\vec{y}$ ,
$\vec{z},$ $\vec{w},$ $\vec{a}$ , $\vec{b},$ $\vec{c},$ $\vec{d}$ $p+q$ $\text{ }$ }$\backslash$ $\vec{\xi},$ $\vec{\eta},$ $\vec{\alpha},$ $\vec{\beta}$ ,
$\det(^{\det U^{p+1,q+1(_{y_{i},w_{j}}^{x_{i},z_{j},\vec{\xi}}1}}\mathrm{e}\mathrm{t}(\begin{array}{ll}x_{i} z_{j}y_{i} w_{j}\end{array})’$
$\ovalbox{\tt\small REJECT}_{1\leq i,j\leq n}$
$= \frac{(-1)^{n(n-1)/2}}{\prod_{1\leq i,j\leq n}\det(\begin{array}{ll}x_{i} z_{j}y_{i} w_{j}\end{array})}\det U^{p,q}(_{\vec{\eta}}^{\vec{\xi}}|\vec{\alpha\vec{\beta}})^{n-1}\det U^{n+p,n+q}(_{\vec{y},\vec{w},\vec{\eta}}^{\vec{x},\vec{z},\vec{\xi}}|\vec{a},$
$\vec{c},\vec{\alpha}\vec{b},\vec{d},$$\til e{\beta})$ .
Ll (4), (6), (7) , (4) , 25 (10) .. , (6), (7)
25, 24 (11), (12) .
3
3.1 Cauchy , Schur Pfaffian
, 11 (4), (5) , Cauchy (2), Schur Pfaffian
(3) .
$\lambda=(\lambda_{1}, \cdots, \lambda_{n})$ Schur
$s_{\lambda}( \vec{x})=\frac{\det(x_{i}^{\lambda_{j}+n-j})_{1\leq i,j\leq n}}{\det(x_{i}^{n-j})_{1\leq i,j\leq n}}$
. , $r$ , $\delta(r)$
$\delta(r)=(r, r-1, \cdots, 2,1)$




(-l)p(p-y/2\Delta ( )s\mbox{\boldmath $\delta$}(q-p) $(\vec{x})$ ($p\leq q$ )
. , (4), (5) ,




$= \frac{\prod_{1\leq i<j\leq n}(x_{j}-x_{i})(y_{j}-y_{i})}{\prod_{i,j=1}^{n}(x_{i}+y_{j})}s_{\delta(k)}(\vec{z})^{n-1}s_{\mathit{5}(k)}$ ( $\vec{x}$ , i7, $i^{\neq}$ ), (13)
Pf $( \frac{x_{j}-x_{i}}{x_{j}+x_{i}}s_{\delta(k)}(x_{i}, x_{j}\vec{z})s_{\delta\langle l)}(x_{i}, x_{j}, \vec{w}))_{1\leq i,j\leq 2n}$
$= \prod_{1\leq i<j\leq 2n}\frac{x_{j}-x_{i}}{x_{j}+x_{i}}s_{\delta(k)}(\vec{z})^{n-1}s_{\delta(l)}(\vec{w})^{n-1}s_{\delta(k)}(\vec{x}, \vec{z})s_{\delta(l)}(\vec{x}, \vec{w})$
. (14)
, (13) $k=0,$ (14) $k=l=0$ , Cauchy
(2), Schur Pfaffian(3) .
32 1.1
, 11 , $p,$ $q$ . , (4)
$p=q=0$ , (5) $p=q=r=s=0$ ,
$\det(\frac{b_{j}-a_{i}}{y_{j}-x_{i}})_{1\leq i,j\leq n}=\frac{(-1)^{n(n-1)/2}}{\prod_{i,j=1}^{n}(y_{j}-x_{i})}\det V^{n,n}(\vec{x}, \vec{y};\vec{a}, \vec{b})$ ,
$\mathrm{P}\mathrm{f}(\frac{(a_{j}-a_{i})(b_{j}-b_{i})}{x_{j}-x_{i}})_{1\leq ij\leq 2n}=\frac{1}{\prod_{1\leq i<j\leq 2n}(x_{j}-x_{i})}$dot $V^{n,n}(\vec{x}\cdot\vec{a})\}\det V^{n,n}(\vec{x};\vec{b})$
, , , (6) $p=0$ , (7) $p=q=0$ , 11
, Young
. ([O1] ) , ,
(6) $p=1$ ,
. ( $[\mathrm{O}2]$ , [O5] .)
33 Young Littlewood-Richardson
11 (4), (5) , Young
Littlewood-Richardson . , Littiewood-Richardson
$\mathrm{L}\mathrm{R}_{\mu,\nu}^{\lambda}$ , Schur Schur :
$s_{\mu}(x_{1}, \cdots, x_{n})s_{\nu}(x_{1}, \cdots, x_{n})=\sum_{\lambda}\mathrm{L}\mathrm{R}_{\mu,\nu}^{\lambda}s_{\lambda}(x_{1}, \cdots, x_{n})$
.
, $a\rangle\langle$ $b$ Young ( ) $(a, b)$ :
( $a$ , b)=(ba)=(\rho , $\cdot$ . , $\rho$).
$a$
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, $\lambda\subset\square (n, e)$ ,





$a_{i}=x_{\mathrm{i}}^{e+p+n}$ , $b_{i}=x_{\dot{f}}^{f+r+n}$ , $c_{i}=z_{i}^{e+p+n}$ , $d_{i}=w_{\mathrm{i}}^{f+r+n}$
. , Schur ,
$\det V^{p,q}(\vec{x};\vec{x}^{k})=\{$
$\Delta(\vec{x}.)s_{\square (q,k-p)}(\vec{x})$ ( $k\geq p$ )
0 ($k<p$ )
, Young Schur :
$\frac{1}{\Delta(\vec{x})\Delta(\vec{y})}\det(s_{\square (q+1,e+n-1)}(x_{i},y_{j}, \vec{z}))_{1\leq i,j\leq n}$
$=(-1)^{n(n+1)/2}s_{\square (q,e+n)}(\vec{z})^{n-1}s_{\square (q+n_{1}e)}(\vec{x}, \vec{y}, \vec{z})$ , (15)
$\frac{1}{\Delta(\vec{x})}$ Pf $((x_{j}-x_{i})s_{\square (q+1,e+n-1)}(x_{i}, x_{j}, \vec{z})s_{\square (s+1,f+n-1)}(x_{i}, x_{j}, \vec{w}))_{1\leq i,j\leq 2n}$
$=s_{\square \langle q,e+n)}(\vec{z})^{n-1}s_{\square (s,f+n)}(\vec{w})^{n-1}s_{\square (n+q,e)}(\vec{x}, \vec{z})s_{\square (n+s,f)}(\vec{x}, \vec{w})$ . (16)
Cauchy-Binet , - [IW1] , (15), (16)
$\vec{x}$ Schur , Littlewood-Richardson
. ( , [IOTZ, Section 7], [O3]
.)
3.1. $n$ , $e,$ $f$ .
(1) $\mu,$ $l/$
$\mathrm{L}\mathrm{R}_{\mu,\iota/}^{\square (n,e)}=\{$
1 $(\nu=\mu^{\{}(n, e)$ )
0( )
(2) $2n$ $\lambda$ ,
$\mathrm{L}\mathrm{R}_{\square (n,e),\square \langle n,f)}^{\lambda}$
$=\{$
1 $( \lambda_{n+1}\leq\min(e, f),$ $\lambda_{i}+\lambda_{2n+1-i}=e+f(1\leq i\leq n)$ )
0 ( )
32. $n$ , $e,$ $f$ . $\lambda$ $2n$ , $\mu$
$\mu\subset$ $(n, e)$ . ,
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(1) $\lambda$
$\lambda_{n}\geq f$ $\lambda_{n+1}\leq\min(e, f)$ (17)
, $\mathrm{L}\mathrm{R}_{\mu,\square (n,f)}^{\lambda}=0$ .
(2) $\lambda$ (17) , $\alpha,$ $\beta$
$\alpha_{i}=\lambda_{i}-f$, $\mathrm{A}=e-\lambda_{2n+1-i}$ $(1\leq \mathrm{i}\leq n)$
,
$\mathrm{L}\mathrm{R}_{\mu,\square (n,f)}^{\lambda}=\mathrm{L}\mathrm{R}_{\alpha,\mu\dagger(n,e)}^{\beta}$ .
, $\alpha\subseteq\beta$ , $\mathrm{L}\mathrm{R}_{\mu,\square (n,f)}^{\lambda}=0$ .
34 Sundquist
T. Sundquist [Su] , :
$\mathrm{P}\mathrm{f}$
.
$( \frac{a_{j}-a_{i}}{1-x_{i}x_{j}})_{1\leq i<j\leq 2n}=\frac{(-1)^{n(n-1)/2}}{\prod_{1\leq i<j\leq 2n}(1-x_{i}x_{j})}\sum_{\lambda,\mu\in \mathcal{P}_{n}}(-1)^{(|\lambda|+|\mu|)/2}\det V_{\lambda,\mu}^{n,n}(\vec{x};\vec{a})$ .
(18)
, $\mathcal{P}_{n}$ , Robenius $\lambda=(\alpha_{1}, \cdots, \alpha_{r}|\alpha_{1}+1, \cdots, \alpha_{r}+1)$
$n$ , $V_{\lambda,\mu}^{p,q}(\vec{x};\vec{a})$
$(x_{i}^{\lambda_{p}}, x_{i}^{\lambda_{p-1}+1}, x_{i}^{\lambda_{p-2}+2}, \cdots ? x_{i}^{\lambda_{1}+p-1}, a_{i}x_{i}^{\mu_{q}}, a_{i}x_{i}^{\mu_{q-1}+1}, a_{i}x_{i}^{\mu_{q-2}+2}, \cdots, aix_{i}^{\mu_{1}+q-1})$ ,
$i$ $n$ .
24 , (18) . $p,$ $q$ ,
$F^{p,q}(\vec{x};\vec{a})$
$= \sum_{\lambda\in \mathcal{P}_{p},\mu\in P_{q}}(-1)^{(|\lambda|+|\mu|)/2}\det V_{\lambda,\mu}^{p,q}(\vec{x};\vec{a})$
. ,
$F^{p,q}( \vec{x};\vec{a})=(-1)^{(_{2}^{p})\dagger(_{2}^{q})}\prod x_{i}^{p-1}\cdot\det V^{p,q}(\vec{x}+\vec{x}^{-1}; \vec{a}\vec{x}^{q-p}p+q)$,
$=1$
$=(-1)^{(_{2}^{\mathrm{p}})+(_{2}^{q})}\det U^{p,q}(’\vec{1}+\vec{x}^{2}\vec{x}|\vec{\vec{a}1}]$ .
([IOTZ, Proposition 43]) , 2.4 25 ,
.
33 (a) $n$ , $p,$ $q$ ,
$\det(\frac{F^{p+1,q+1}(x_{i},y_{j},\vec{z}a_{i},b_{j},\vec{c})}{(y_{j}-x_{i})(1-x_{i}y_{j})})_{1\leq i,j\leq n}$
$= \frac{(-1)^{n(n-1)/2}}{\prod_{i,j=1}^{n}(y_{j}-x_{i})(1-x_{i}y_{j})}F^{p,q}(\vec{z};\vec{c})^{n-1}F^{n+p,n+q}(\vec{x}, \vec{y}, \vec{z};\vec{a}, \vec{b}, \vec{\mathrm{c}})$ . (19)
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(b) $n$ , $p,$ $q,$ $r,$ $s$ ,
$\mathrm{P}\mathrm{f}(.\frac{F^{p+1,q+1}(x_{i},x_{j},\vec{z},a_{i},a_{j},\vec{c})F^{r+1,s+1}(x_{i},x_{j},\vec{w}b_{i},b_{j},\vec{d})}{(x_{j}-x_{i})(1-x_{i}x_{j})})_{1\leq i,\mathrm{j}\leq 2n}$
$= \frac{1}{\prod_{1\leq i<j\leq 2n}(x_{j}-x_{i})(1-x_{i}x_{j})}F^{p,q}(\vec{Z}j\vec{\mathrm{C}})^{n-1}F^{r,s}(\vec{w};\vec{d})^{n-1}$
$\cross F^{n+p,n+q}(\vec{x}, 2; \vec{a}, \vec{c})F^{n+r,n+s}(\vec{x}, \vec{w};\vec{b}, \vec{d})$ . (20)
, (20) , $p=q=r=s=0$ , $b_{i}=x_{i}(1\leq \mathrm{i}\leq n)$ ,
Sundquist (18) .
[C] A. L. Cauchy, Memoire sur les fonctions altertees et sur les sommes altern\’ees,
Exercices Anal. et Phys. Math. 2 (1841), 151-159.
[I] M. Ishikawa, Minor summation formula and a proof of Stanley’s open problem,
arXiv:math. $\mathrm{C}0/0408204$ .
[IOTZ] M. Ishikawa, S. Okada, H. Tagawa and J. Zeng, Generalizations of
Cauchy’s determinant and Schur’s Pfaffian, to appear in Adv. Appl. Math.,
arXiv: math. $\mathrm{C}\mathrm{O}/0411280$ .
[IW1] M. Ishikawa and M. Wakayama, Minor summation formulas of Pfaffians, Linear
and Multilinear Algebra 39 (1995)
$)$ 285-305.
[IW2] M. Ishikawa and M. Wakayama, Applications of the minor summation formula
III: Pliicker relations, lattice pathes and Pfaffians, to appear in J. Combin. Theory
Ser. $\mathrm{A},$ arXiv: math. $\mathrm{C}0/0312358$ .
[Kn] D. Knuth, Overlapping Pfaffians, Electron. J. Combin. 3 (2) $(^{\zeta\zeta}\mathrm{T}\mathrm{h}\mathrm{e}$ Foata
Festschrift”) (1996), 151-163.
[Krl] C. Krattenthaler, Advanced determinant calculus, Sem. Lothar. Combin. 42
(1999), $\mathrm{B}42\mathrm{q}$ .
[Kr2] C. Krattenthaler, Advanced determinant calculus, a complement, Linear Algebra
Appl. 411 (2005), 68-166.
[LLT] D. Laksov, A. Lascoux and A. Thorup, On Giambelli’s theorem on complete
correlations, Acta Math. 162 (1989), 143-199.
[M] I. G. Macdonald, “Symmetric Functions and Hall Polynomials (2nd ed.),”Oxford
Univ. Press, 1995.
175
[O1] S. Okada, Applications of minor-summation formulas to rectanguiar-shaped reP-
resentations of classical groups, J. Alg. 205 (1998), 337-367,
[02] S. Okada, Enumeration of symmetry classes of alternating sign matrices
and characters of classical groups, to appear in J. Algebraic Combin.,
arXi.v: math. $\mathrm{C}0/0408234$ .
[O3] , Cauchy , Pfaffian ,
1382 (2004), 198-215.
[O4] S. Okada, An elliptic generalization of Schur’s Pfaffian identity, to appear in Adv.
Math., arXiv : math . $\mathrm{C}\mathrm{A}/0412038$ .
[O5] , Cauchy , Pfaffian, 49
(2004), 158-174.
[S] I. Schur Uber die Darstellung der symmetrischen und der alternirenden Gruppe
durch gebrochene lineare Substitutuionen, J. Reine Angew. Math. 139 (1911),
155-250.
[St] J. R. Stembridge, Non-intersecting paths, Pfaffians and plane partitions, Adv.
Math. 83 (1990), 96-131.
[Su] T. Sundquist, Two variable Pfaffian identities and symmetric functions, J. Alge-
braic Combin. 5(1996), 135-148.
